Abstract. In this article, we solve the strong openness conjecture on the multiplier ideal sheaves for the plurisubharmonic functions posed by Demailly. We prove two conjectures about the growth of the volumes of the sublevel sets of plurisubharmonic functions related to the complex singularity exponents and quasi-plurisubharmonic functions related to the jumping numbers, which were posed by Demailly-Kollár and Jonsson-Mustatȃ respectively. We give a new proof of a lower semicontinuity conjecture posed by Demailly-Kollár without using the ACC conjecture. Other applications by combining with well-known results are also mentioned.
Introduction
Plurisubharmonic functions have been fundamental in several complex variables and complex geometry since they were introduced by Oka and Lelong in 1940's. For a nice survey on the theory of psh functions, the reader is referred to [25] by Kiselman. The philosophy behind the Levi problem, L 2 method for solving∂ equation and vanishing theorems on multiplier ideal sheaves is that construction of a specific holomorphic function or section could be reduced to construction of a specic psh function. Singularities of the psh functions play an important role in such a construction. In the present paper, we discuss the properties related to the singularities of the psh functions.
Outline of the main results and organizations.
In this article, we establish a strong openness property for plurisubharmonic functions. We obtain estimates about the growth of the volumes of the sublevel sets of plurisubharmonic functions and quasi-plurisubharmonic functions. We also obtain a lower semicontinuity property of plurisubharmonic functions.
We establish a strong openness property on multiplier ideal sheaves for plurisubharmonic functions. We obtain estimates about the growth of the volumes of the sublevel sets of plurisubharmonic functions and quasi-plurisubharmonic functions. We also obtain a lower semicontinuity property of plurisubharmonic functions. The paper is organized as follows. In the rest of this section, we present our main theorems and their corollaries, among others, solutions of the strong openness conjecture posed by Demailly and two related conjectures posed by Demailly-Kollár and Jonsson-Mustatȃ. In Section 2, we recall or give some preliminary lemmas used in the proofs of the main theorems. In Section 3, we introduce three propositions used in the proofs of the main theorems. In Section 4, we give the proofs of the propositions stated in the last Section. In Section 5, we give the detailed proofs of the main theorems.
Strong openness conjecture.
Let X be complex manifold with dimension n and ϕ be a plurisubharmonic function on X. Following Nadel [34] , one can define the multiplier ideal sheaf I(ϕ) to be the sheaf of germs of holomorphic functions f such that |f | 2 e −ϕ is locally integrable (see also [42] , [43] , [6] , etc.). Let I + (ϕ) := ∪ ε>0 I((1 + ε)ϕ).
In [2] , Berndtsson gave a proof of the openness conjecture of Demailly and Kollár in [9] :
Openness conjecture: Let ϕ be a plurisubharmonic function on X. Assuming that I(ϕ) = O X . Then I + (ϕ) = I(ϕ).
The dimension two case of the Openness conjecture was proved by Favre and Jonsson in [12] (see also [11] ).
In the present article, we discuss more general conjecture-the strong openness conjecture about multiplier ideal sheaves for plurisubharmonic functions which was posed by Demailly in [5] and [6] (see also [8] , [10] , [3] , [29] , [30] , [22] , [20] , [4] , [23] , [31] , [32] , etc. ):
Strong openness conjecture: Let ϕ be a plurisubharmonic function on X. Then I + (ϕ) = I(ϕ).
For dimX ≤ 2, the strong openness conjecture was proved in [22] by studying the asymptotic jumping numbers for graded sequences of ideals.
It is not hard to see that the truth of the strong openness conjecture is equivalent to the following theorem: Theorem 1.1. [18] Let ϕ be a negative plurisubharmonic function on the unit polydisc ∆ n ⊂ C n , suppose F is a holomorphic function on ∆ n , which satisfies
where dλ n is the Lebesgue measure on C n . Then there exists a number p > 1, such that ∆ n r |F | 2 e −pϕ dλ n < +∞, where r ∈ (0, 1).
A conjecture of Demailly and Kollár.
In [9] , Demailly and Kollár posed a conjecture for the growth of the volumes of the sublevel sets of plurisubharmonic functions related to the complex singularity exponents (see also [12] , [11] , [22] and [23] , etc.):
Conjecture D-K: Let ϕ be a plurisubharmonic function on ∆ n ⊂ C n , and K be compact subset of ∆ n . If c K (ϕ) < +∞, then 1 r 2cK (ϕ) µ({ϕ < log r}) has a uniform positive lower bound independent of r ∈ (0, 1), where c K (ϕ) = sup{c ≥ 0 : exp −2cϕ is L 1 on a neighborhood of K}, and µ is the Lebesgue volumes on C n . The above conjecture is a more precise form of the openness conjecture. By Theorem 1.1 and the fact that c K (ϕ) = min z∈K c {z} (ϕ), i.e. there exists z ∈ K, such that c {z} (ϕ) = c K (ϕ) (see [9] ), then e −2cK(ϕ)ϕ is not integrable on any neighborhood of K.
In the following theorem, we obtain an estimate for the sublevel sets of plurisubharmonic functions: Theorem 1.2. Let ϕ be a plurisubharmonic function on ∆ n ⊂ C n . Let F be a holomorphic function on ∆ n . Assume that |F | 2 e −ϕ is not locally integrable near o, Then has a uniform positive lower bound independent of R >> 0.
In particular, and replacing 2c K (ϕ)ϕ by ϕ, and −2c K log r by R, we solve the Conjecture D-K:
Corollary 1.3. Conjecture D-K holds
For n ≤ 2, the above corollary was proved by Favre and Jonsson in [12] (see also [11] Let I be an ideal of O ∆ n ,o , which is generated by {f j } j=1,··· ,l . In [23] , Jonsson and Mustatȃ posed the following conjecture about the volumes growth of the sublevel sets of quasi-plurisubharmonic functions (see also [22] ):
Conjecture J-M: Let ψ be a plurisubharmonic function on ∆ n ⊂ C n . If c I o (ψ) < +∞, then 1 r 2 µ({c I o (ψ)ψ − log |I| < log r}) has a uniform positive lower bound independent of r ∈ (0, 1), where log |I| := log max 1≤j≤l |f j |, c I o (ψ) = sup{c ≥ 0 : |I| 2 e −2cψ is L 1 on a neighborhood of o} is the jumping number in [23] , and µ is the Lebesgue measure on C n . For n ≤ 2, the above conjecture was proved by Jonsson and Mustatȃ in [22] . In the following theorem, we give an estimate for the sublevel sets of quasiplurisubharmonic functions: Theorem 1.4. Let ψ be a plurisubharmonic function on ∆ n , and F be a holomorphic function on ∆ n . Assume that |F | 2 e −ψ is not locally integrable near o. Then
has a uniformly positive lower bound independent of R >> 0 and B 0 ∈ (0, 1].
In particular, we obtain:
has a uniform positive lower bound independent of R ∈ (0, +∞). By Theorem 1.1, it follows that |I| 2 e
−2c
I o (ψ)ψ is not integrable on any neighborhood of o. Replacing ψ by 2c I o (ψ)ψ, and R by −2 log r in equality 1.1, we solve conjecture J-M: Corollary 1.5. Conjecture J-M holds.
1.5.
A lower semicontinuity conjecture.
In [9] , Demailly and Kollár conjectured that: For every nonzero holomorphic function f on X, there is a number δ = δ(f, K, L) > 0, such that for any holomorphic function g on X with
where the compact set K contained in an open subset L of complex manifold X.
In [9] , the authors proved that the above conjecture is implied by the ACC conjecture (see [37] or [26] ). The ACC conjecture was proved by Hacon, McKernan and Xu in [21] .
It is not hard to see that the just mentioned conjecture posed by Demailly and Kollár is equivalent to the following conjecture:
Let {g m } m=1,2,··· be a sequence of holomorphic functions on ∆ n , which are uniformly convergent to holomorphic function f on ∆ n . Assume that |g m | −2c is not integrable near o ∈ ∆ n for any m = 1, 2, · · · , where c is a positive constant. Then |f | −2c is not integrable near o ∈ ∆ n . Note that c log |f | is a plurisubharmonic function, then we replace c log |f | by general plurisubharmonic functions, and obtain the following lower semicontinuous property of plurisubharmonic functions: Proposition 1.6. Let {φ m } m=1,2,··· be a sequence of negative plurisubharmonic functions on ∆ n , which is convergent to a negative Lebesgue measurable function φ on ∆ n in Lebesgue measure. Assume that e −φm are all not integrable near o. Then e −φ is not integrable near o.
Replacing c log |f | by any plurisubharmonic functions in the above conjecture, using Proposition 1.6, we obtain a generalization of the conjecture as follows, which is a new proof of the conjecture without using the ACC conjecture:
Let {φ m } m=1,2,··· be a sequence of plurisubharmonic functions on ∆ n , such that e φm are uniformly convergent to e φ on ∆ n , where φ is a plurisubharmonic function on on ∆ n . Assume that e −φm is not integrable near o ∈ ∆ n for any m = 1, 2, · · · . Then e −φ is not integrable near o ∈ ∆ n .
1.6. Some applications of the strong openness conjecture.
In the present subsection, combining our Theorem 1.1 (the truth of the strong openness conjecture) with some known results, we obtain some direct conclusions.
1.6.1. Singular metric with minimal singularities.
Let L be a line bundle on a smooth projective complex variety X, whose KodairaIitaka dimension κ(X, L) ≥ 0 (see [27, 28, 8, 29] ). Then the asymptotic multiplier ideal J (||L||) can be defined as the maximal member of the family of ideals {J ( 1 k · |kL|)} (k large) (see Definition 1.7 in [8] , see also [28] ).
Demailly has shown that if L is any pseudo-effective divisor, then up to equivalence of singularities, O X (L) has a unique singular metric h min with minimal singularities having non-negative curvature current (see [6] , see also [28] ).
Let J (h min ) be the associated multiplier ideal sheaf of h min (see [6] ). In [8, 28] , the authors conjectured the following: For big line bundle L, the equality
holds for every m > 0. Note that mL is big and κ(X, mL) ≥ 0 for any m. Leth In [29] , the author conjectured the following analogue of the above conjecture: Let X be a smooth projective complex variety and L be a pseudo-effective R−divisor on X. Then 1.6.2. Kawamata-Viehweg-Nadel type vanishing theorem.
Let (L, ϕ) be a pseudo-effective line bundle on a compact Kähler manifold X of dimension n, and nd(L, ϕ) be the numerical dimension of (L, ϕ) defined in [4] .
In [4] , Cao obtained a Kawamata-Viehweg-Nadel type vanishing theorem for I + (ϕ) on any compact Kähler manifold:
In [4] , Cao asked whether the Kawamata-Viehweg-Nadel type vanishing theorem holds for I(ϕ) on any compact Kähler manifold, i.e. does
Using Theorem 1.1 and the above Kawamata-Viehweg-Nadel type vanishing theorem for I + (ϕ), one can answer the just mentioned question of Cao as follows:
When X is a projective manifold, some similar result can be referred to [33] .
Multiplier ideal sheaves with analytic singularities.
It is known that I + (ϕ) is essentially with analytic singularities (see [4] ) using Demailly's approximation of plurisubharmonic functions (see [6] ). Then it follows from Theorem 1.1 that I(ϕ) is essentially with analytic singularities, that is to say, Corollary 1.8. There is a plurisubharmonic function ϕ A with analytic singularities, such that I(ϕ) = I(ϕ A ) .
Some lemmas used in the proof of main theorems
In this section, we will show some results used in the proof of main theorem.
Let G be a positive Lebesgue measurable and integrable function on a domain Ω ⊂⊂ C n , which is
Consider the function
We first consider the finiteness of F G (t): If for some t 0 , F G (t 0 ) = +∞, then λ n (G ≥ A j ) ≥ t 0 , where A j is a number sequence tending to +∞, when j → +∞. Since G is L 1 integrable, we have
Letting A j → +∞, we thus obtain a contradiction. Therefore F G (t) < +∞ for any t. Secondly, we consider the decreasing property of F G (t):
The first lemma is about the sublevel sets of F G :
Lemma 2.1. We have
for any a > 0, where µ R is the Lebesgue measure on R. Moreover, we have
Proof. Since
and
we only need to prove
where t > 0.
If " ⊇ " in the above relation is strictly " ⊃ ", then there exists t 0 , such that 1).
Then we have λ n ({G ≥ a 0 }) ≥ t 0 . As t 0 > λ n ({G ≥ a}), we have
which is a contradiction to a 0 ≥ a. Then the following holds:
According to the definition of F G and equality 2.2, it follows that
where t > 0. Note that
for t > 0. We have thus proved the present lemma.
Denote by
where y ∈ (0, e −1 ). It is clear that s is strictly decreasing on (0, e −1 ). We define a function u by
where u ∈ C ∞ ((e, +∞)). It is clear that u is strictly increasing on (e, +∞), The second lemma is about the measure of the level set of G: 
Then we have lim inf t→0 F G (t) t −1 (− log t) −1 = 0, which implies that there exists t j → 0, when j → +∞, such that
Using Lemma 2.1, we have
We now want to prove that u(
).
According to the strictly increasing property of u, it follows that
, which is contradict to equality 2.3 because lim tj →0 tj (− log tj )
Note that if F G (t j ) is bounded above, when t j to 0, then G has positive upper bound. Therefore µ({G > A}) = 0, for A large enough. 1 tA(− log tA) = A; 2). t A goes to zero, when A goes to +∞. As
then we obtain
by the above property 2) of t A . The present lemma is thus proved.
2.2.
Estimation of integration of holomorphic functions on singular Riemann surfaces.
Lemma 2.3. Let h ≡ 0 be a holomorphic function on the disc ∆ r in C. Let f a be a holomorphic function on ∆ r , which satisfies f | o = 0 and f a (b) = 1 for any b k = a (k is a positive integer), then we have
where a ∈ ∆ r whose norm is small enough, k is a positive integer, C 1 is a positive constant independent of a and f a .
Proof. As h ≡ 0, we may write h = z i h 1 near o, where h 1 | o = 0. Then there exists r ′ < r, such that h 1 | ∆ r ′ ≥ C 0 > 0. Therefore it suffices to consider the case that h = z i on ∆ r ′ . By Taylor expansion at o, we have
where b k l = a, and 1≤l≤k b j l = 0 when 0 < j < k. It is clear that
By Schwartz Lemma, we have
Note that
and ((2i + 2)
2 ) has uniform upper bound independent of a, when |a| < r ′k 2 . The Lemma thus follows.
Lets recall the local parametrization theorem: Theorem 2.4. (see [7] ) Let J be a prime ideal of O n and let C ′ = V (J ) be an analytic curve at o. Then the ring O n /J is a finite integral extension of O d ; let q be the degree of the extension. There exists a local coordinates
r ′′ are polydisks of sufficient small radii r ′ and r ′′ and if
r ′ is a ramified covering with q sheets, whose ramification locus is contained in S = {o
Let ∆ ′ and ∆ ′′ be unit disc with coordinates (z 1 ) and unit polydisc with coor-
be the projective map which is given by
We have the following Remark of Theorem 2.4.
Remark 2.5. Let J be a prime ideal of O n and let C ′ = V (J ) be an analytic curve at o. Then the ring O n /J is a finite integral extension of O d ; let q be the degree of the extension, there exists a biholomorphic map j from a neighborhood of
is a ramified covering with q sheets, whose ramification locus is contained in S = {o ′ } ⊂ ∆ ′ where
This means that a), the open set
Using Lemma 2.3 and Remark 2.5, we obtain the following singular version of Lemma 2.3: Lemma 2.6. Let h be a holomorphic function on an analytic curve C as in Remark 2.5. Let f a be a holomorphic function on C, which satisfies f (o) = 0 and f a (π −1 (a)∩ C) = 1, then we have
when a ∈ ∆ ′ and |a| is small enough, where C 2 is a positive constant independent of a and f a .
Proof. As (C, o) is irreducible and locally irreducible, then there is a normalization
where t is the coordinate of ∆. As π C is a covering, then g 1 ≡ 0.
Without loss of generality, we assume g 1 (t) = t i1 on ∆ r0 , for small enough r 0 ∈ (0, 1).
There is a given r > 0, which is small enough, such that
where i 1 ≥ 1, and g i (i ≥ 2) are holomorphic functions on ∆ r , satisfying
For given r ′ < r small enough, we have
for any a satisfying |a|
Using Lemma 2.3, we have
where C 1 is independent of a and f a . Combining with inequality 2.6, we thus obtain the present lemma.
|z ′ |, using the submean value property of plurisubharmonic function, we obtain the following lemma:
Lemma 2.7. For any holomorphic function F on ∆ ′ × ∆ ′′ , we obtain an approximation of the L 2 norm of F :
where C 3 is a positive constant independent of F . Here all symbols C S , ∆ ′ and π are the same as in Remark 2.5.
Proof. Using the Fubini Theorem,
and the submean value inequality of plurisubharmonic function, we have
where q is the degree of the covering map π| CS .
L 2 extension theorem with negligible weight.
We state the optimal constant version of the Ohsawa's L 2 extension theorem with negligible weight ( [35] ) as follows:
Theorem 2.8.
[13] Let X be a Stein manifold of dimension n. Let ϕ + ψ and ψ be plurisubharmonic functions on X. Assume that w is a holomorphic function on X such that sup X (ψ + 2 log |w|) ≤ 0 and dw does not vanish identically on any branch of w −1 (0). Put H = w −1 (0) and H 0 = {x ∈ H : dw(x) = 0}. Then there exists a uniform constant C = 1 independent of X, ϕ, ψ and w such that, for any
there exists a holomorphic n-form F on X satisfying F = dw ∧f on H 0 with ı * f = f and
where ı : H 0 −→ X is the inclusion map.
2.4.
Curve selection lemma and Noetherian property of coherent sheaves.
We give the existence of some kind of germs of analytic curves, which will be used.
Lemma 2.9. Let (Y, o) be a germ of irreducible analytic subvariety in C n , and (A, o) be a germ of analytic subvariety of (Y, o), such that dimA < dimY . Then there exists a germ of holomorphic curve (γ, o), such that γ ⊂ Y , and γ ⊂ A.
Proof. Note that (Y, o) is locally Stein. Then using Cartans Theorem A, we obtain the lemma. Now we recall the curve selection lemma stated as follows: Lemma 2.10. (see [6] ) Let f , g 1 , · · · , g s ∈ O n be germs of holomorphic functions vanishing at 0. Then we have |f | ≤ C|g| for some constant C if and only if for every germ of analytic curve γ through 0 there exists a constant C γ such that |f • γ| ≤ C γ |g • γ|.
In order to obtain some uniform properties of γ, we need to consider the following Lemma which was contained in the proof of Lemma 2.10 in [6] .
Lemma 2.11. (see [6] ) Let f , g 1 , · · · , g s ∈ O n be germs of holomorphic functions vanishing at o. Assume that for any given neighborhood of o, |f | ≤ C|g| doesn't hold for any constant C, where g = (g 1 , · · · , g s ). Then there exists a germ of analytic
) is biholomorphic to ∆ n r \ {f = 0}, which is irreducible. As every analytic variety has an irreducible decomposition, then Y contains an
By assumption, for any given neighborhood of o, |f | ≤ C|g| doesn't hold for any constant C, then there exists a sequence of positive numbers C ν which goes to +∞ as ν → ∞, and a sequence of points
f (zν ) ) converging to 0 as ν tends to +∞, with f (z ν ) = 0.
It follows from Lemma 2.9 that there exists a germ of analytic curve (γ,
By the Riemann removable singularity theorems, it follows that gi f | γ\o can be extended to γ, and
for any i ∈ {1, · · · , s}. Lemma 2.13. (see [7] ) Let F be a coherent analytic sheaf on a complex manifold M , and let F 1 ⊂ F 2 ⊂ · · · be an increasing of coherent subsheaves of F . Then the sequence (F k ) is stationary on every compact subset of M .
Let ϕ be a negative plurisubharmonic function on ∆ n ⊂ C n , and {ψ j } j=1,2,··· be a sequence of plurisubharmonic functions on ∆ n , which is increasingly convergent to ϕ on ∆ n , when j → ∞.
Remark 2.14. By Lemma 2.13, it is clear that ∪
By Remark 2.14, we derive the following proposition about the generators of the coherent sheaf ∪ ∞ j=1 I(ψ j ): Proposition 2.15. Assume that f ∈ O n is a holomorphic function on neighborhood V 0 of o, which is not a germ of (∪
Then there exists a germ of analytic curve γ through o satisfying γ ∩ {f = 0} ⊆ {o}, such that gi•γ f •γ is holomorphic on γ for any i ∈ {1, · · · , s}, and
•γ is the holomorphic extension of
Proof. By Remark 2.14, it follows that there exists
As f is not a germ of (∪
1/2 doesn't hold for any constant C. According to Lemma 2.11 and Remark 2.12, it follows that there exists a germ of analytic curve γ through o such that γ ∩ {f = 0} ⊆ {o}, and gi•γ f •γ is holomorphic on γ for any i, and
Proof. As (f, o) ∈ I(ϕ) o , let ψ j = ϕ for any j ∈ {1, 2, · · · }, it follows from Proposition 2.15 that there exists a germ of analytic curve γ through o, such that for any
is holomorphic on γ \ o, and
where
is the holomorphic extension of
As F l is uniformly convergent to F , it follows that F | γ ≡ 0, which implies F ≡ 0.
L
2 estimates for some∂ equations.
For the sake of completeness, we recall some lemmas on L 2 estimates for somē ∂ equations, and∂ * means the Hilbert adjoint operator of∂.
Lemma 2.17. (see [40] , see alse
where dλ n is the Lebesgue measure on C n , and α (∂η) ♯ = j αj∂ j η.
The symbols and notations can be referred to [45] . See also [40] , [41] , or [44] .
Lemma 2.18. (see [1] , see also [45] ) Let Ω ⊂⊂ C n be a strictly pseudoconvex domain with C ∞ boundary bΩ and Φ ∈ C ∞ (Ω). Let λ be a∂ closed smooth form of bidgree (n, 1) on Ω. Assume the inequality
Then there is a solution u to the equation∂u = λ such that
3. Some propositions on multiplier ideal sheaves 3.1. A proposition used in the proof of Conjecture D-K.
We prove Theorem 1.2 and 1.6 by the following proposition:
When ϕ is a polar function (see [36] , see also [14, 15, 16, 17] ), various versions of Proposition 3.1 were used to prove the main results in [36] , [14] , [15] , [16] , [17] , etc.
3.2.
A proposition used in the proof of Conjecture J-M. 
and Let {v t0,ε } t0∈R,ε∈(0, 1 8 B0) be a family of smooth increasing convex functions on R, which are continuous functions on R ∪ {−∞}, such that: 1). v t0,ε (t) = t for t ≥ −t 0 − ε, v t0,ε (t) = constant for t < −t 0 − B 0 + ε; 2). v One can construct the family {v t0,ε } t0∈R,ε∈(0, 
6)
where t 0 ≥ 0.
Proofs of the propositions

Proof of Proposition 3.1.
For the sake of completeness, let's recall some step in our proof in [15] (see also [17] ) with some modifications in order to prove Proposition 3.1.
Let {v t0,ε } t0∈R,ε∈(0, 1 8 ) be a family of smooth increasing convex functions on R, which are continuous functions on R ∪ {−∞}, such that: 1). v t0,ε (t) = t for t ≥ −t 0 − ε, v t0,ε (t) = constant for t < −t 0 − 1 + ε; 2). v I (−t0−1+2ε,−t0−2ε) * ρ 1 4 ε )(s)ds.
As D v ⊂⊂ ∆ n ⊂ C n , then there exist negative smooth plurisubharmonic functions {ϕ m } m=1,2,··· on a neighborhood of D v , such that the sequence {ϕ m } m=1,2,··· is decreasingly convergent to ϕ on a smaller neighborhood of D v , when m → +∞. Let η = s(−v t0,ε • ϕ m ) and φ = u(−v t0,ε • ϕ m ), where s ∈ C ∞ ((0, +∞)) satisfies s ≥ 0, and u ∈ C ∞ ((0, +∞)), satisfies lim t→+∞ u(t) = 0, such that u ′′ s − s ′′ > 0, and
. By CauchySchwarz inequality, it follows that
Using Lemma 2.17 and inequality 4.1, since s ≥ 0 and ϕ m is a plurisubharmonic function on D v , we get
where g is a positive continuous function on D v . We need some calculations to determine g. We have
and •(−v t0,ε •ϕ m ). It follows that η+g
Because of v ′ t0,ε ≥ 0 and s ′ − su ′ = 1, using inequalities 4.2, we have
. By the definition of contraction, Cauchy-Schwarz inequality and inequality 4.6, it follows that 
Assume that we can choose η and φ such that
(4.9)
Using inequalities 4.8 and 4.9, we obtain that
where K t0 is independent of m and ε ∈ (0, 1 8 ). As u is positive and smooth on (0, +∞), it follows that φ is uniformly bounded on D v independent of m.
As Supp(v
−Φ dλ n are uniformly bounded independent of m, for any given v, t 0 , ε.
By weakly compactness of the unit ball of L 2 (D v ) and dominated convergence theorem, when m → +∞, it follows that the weak limit of some weakly convergent subsequence of {u v,t0,m,ε } m gives an (n, 0)-form u v,t0,ε on D v satisfying
where A t0 := inf t≥t0 {u(t)}.
As ϕ m is decreasingly convergent to ϕ on ∆ n , and ϕ(o) = −∞, then for any given t 0 there exists m 0 and a neighbourhood U 0 of o ∈ D v on ∆ n , such that for any m ≥ m 0 and ε < 1, v
That is to say u v,t0,m,ε | U0 are all holomorphic. Therefore u v,t0,ε | U0 is holomorphic.
Recall that the integrals Dv |u v,t0,m,ε | 2 dλ n have a uniform bound independent of m, then we can choose a subsequence with respect to m from the chosen weakly convergent subsequence of u v,t0,m,ε , such that the subsequence is uniformly convergent on any compact subset of U 0 , and we still denote the subsequence by u v,t0,m,ε without ambiguity.
By above arguments, it follows that the right hand side of inequality 4.8 are uniformly bounded independent of m and ε ∈ (0, 
and e −φ = e −u(−vt 0 ,ε•ϕm) have positive uniform lower bounds independent of m and ε ∈ (0, 
Then for any given compact set As
then Dv |F v,t0,ε | 2 dλ n have a uniform bound independent of ε.
As∂F v,t0,ε = 0 when ε → 0 and the unit ball of L 2 (D v ) is weakly compact, it follows that the weak limit of some weakly convergent subsequence of {F v,t0,ε } ε gives us a holomorphic (n, 0)-form F v,t0 on ∆ n . Then we can also choose a subsequence of the weakly convergent subsequence of {F v,t0,ε } ε , such that the chosen sequence is uniformly convergent on any compact subset of D v , denoted by {F v,t0,ε } ε without ambiguity.
For any given compact subset
−ϕ have uniform bounds on K 0 independent of ε. As the integrals K0 |u v,t0,ε | 2 e −ϕ dλ n have a uniform bound independent of ε ∈ (0,
Using the dominated convergence theorem on any compact subset K of D v and inequality 4.12, we obtain
(4.14)
It suffices to find η and φ such that (η + g
Summarizing the above discussion about s and u, we are naturally led to a system of ODEs:
where t ∈ [0, +∞), and C = 1. It is not hard to solve the ODE system 4.15 (details see the following Remark) and get u = − log(1 − e −t ) and s = t 1−e −t − 1. It follows that s ∈ C ∞ ((0, +∞)) satisfies s ≥ 0, lim t→+∞ u(t) = 0 and u ∈ C ∞ ((0, +∞)) satisfies u ′′ s − s ′′ > 0. 
By 2) of equation 4.15, we have
which is de
Note that 2) of equation 4.15 is equivalent to
As s ≥ 0 and lim t→+∞ u = 0, it follows that the solution u = − log(1 − e −t ),
Proof of Proposition 3.4.
For the sake of completeness, we recall our proof in [15] (see also [17] ) with some modifications.
As D v ⊂⊂ ∆ n ⊂ C n , then there exist negative smooth plurisubharmonic functions {ϕ m } m=1,2,··· and smooth functions {Ψ m } m=1,2,··· on a neighborhood of D v , such that 1). {ϕ m + Ψ m } m=1,2,··· and {ϕ m + 2Ψ m } m=1,2,··· are negative smooth plurisubharmonic functions;
2). the sequence {ϕ m } m=1,2,··· is decreasingly convergent to ϕ; 3). the sequence {ϕ m + Ψ m } m=1,2,··· is decreasingly convergent to ϕ + Ψ; on a smaller neighborhood of
Using Lemma 2.17 and inequality 4.16, since s ≥ 0 and ϕ m is a plurisubharmonic function on D v , we get
and 
Because of v ′ t0,ε ≥ 0 and s ′ − su ′ = 1, using inequalities 4.17 4.22 and 4.20, we have
. By the definition of contraction, Cauchy-Schwarz inequality and inequality 4.23, it follows that
(4.24)
Using inequalities 4.25 and 4.26, we obtain that
where K t0 is independent of m and ε ∈ (0, 1 8 B 0 ). As u is positive and smooth on (−∞, +∞), it follows that φ is uniformly bounded on D v independent of m.
As
By weakly compactness of the unit ball of L 2 ϕ (D v ) and dominated convergence theorem, when m → +∞, it follows that the weak limit of some weakly convergent
where have a uniform bound independent of m. Therefore we can choose a subsequence of {F v,t0,m,ε } m=1,2,··· from the chosen weakly convergent subsequence of
such that the subsequence is uniformly convergent on any compact subset of D v , and we still denote the subsequence by {F v,t0,m,ε } m=1,2,··· without ambiguity. Let
By above arguments, it follows that the right hand side of inequality 4.25 are uniformly bounded independent of m and ε ∈ (0, 
and e −φ = e −u(−vt 0 ,ε•Ψm) have positive uniform lower bounds independent of m and ε ∈ (0, As
Furthermore, as 
By inequality 4.29, it follows that for any given compact set K 0 ⊂⊂ D v , the integrals
−(ϕm+Ψm) dλ n have a uniform bound independent of m and m ′ . Therefore for any given compact set K 0 ⊂⊂ ∩D v , the integrals K0 |F v,t0,ε − F 2 | 2 e −(ϕm+Ψm) dλ n have a uniform bound independent of m and ε ∈ (0,
have a uniform upper bound independent of ε ∈ (0,
In summary, we have |F v,t0,ε − F 2 | 2 e −ϕ−Ψ is integrable near o. That is to say
By inequality 4.28, it follows that F v,t0,ε is a holomorphic function on
Summarizing the above discussion about s and u, we are naturally led to a system of ODEs: 32) where t ∈ [0, +∞), and C = 1. It is not hard to solve the ODE system 4.32 (details see the following Remark) and get u = − log(2 − e −t ) and s(t) = 2t+e −t 2−e −t . It follows that s ∈ C ∞ ((0, +∞)) satisfies s ≥ 1, u ′ ≤ 0 and u ∈ C ∞ ((0, +∞)) satisfies u ′′ s − s ′′ > 0.
As u = − log(2 − e −t ) is decreasing with respect to t, then
for any t 0 ≥ 0, therefore we are done. Now we obtain Proposition 3.4. 
By 2) of equation 4.32, we have
Note that 2) of equation 4.32 is equivalent to As
−ϕ dλ n have a uniform bound independent of ε, for any given t 0 and D v .
As 33) then the integrals Dv |F v,t0,ε | 2 e −ϕ dλ n have a uniform bound independent of ε.
As∂F v,t0,ε = 0 when ε → 0 and the unit ball of L 2 ϕ (D v ) is weakly compact, it follows that the weak limit of some weakly convergent subsequence of {F v,t0,ε } ε gives us a holomorphic function F v,t0 on ∆ n . Then we can also choose a subsequence of the weakly convergent subsequence of {F v,t0,ε } ε , such that the chosen sequence is uniformly convergent on any compact subset of D v , denoted by {F v,t0,ε } ε without ambiguity. For any given compact subset
and (v ′′ t0,ε • Ψ)|F 2 | 2 e −ϕ−Ψ have uniform bounds on K 0 independent of ε. By inequality 4.30, it follows that
Using the dominated convergence theorem on any compact subset K of D v and Proposition 3.4, we obtain
(4.34)
Then Proposition 3.3 has thus been proved.
Proofs of the main results
5.1.
Proof of Theorem 1.1.
We will prove Theorem 1.1 by the methods of induction and contradiction, and by using dynamically L 2 extension theorem with negligible weight. Let {p j } j=1,2,··· be a sequence of positive numbers which are strictly decreasingly convergent to 1, when j goes to infinity.
5.1.1.
Step 1: Theorem 1.1 for dimension 1 case.
We first consider Theorem 1.1 for dimension 1 case, which is elementary but revealing.
We choose r 0 small enough, such that {F = 0} ∩ ∆ r0 ⊂ {o}. As ∆ |F | 2 e −ϕ dλ 1 < +∞, by Lemma 2.2, we have
It is clear that, for any give B > 0, there exists A > B and z A ∈ ∆ u(A) −1/2 , such that e −ϕ(zA) |F (z A )| 2 ≤ A. We can assume that A > 10. Let ψ = − log 2, then log |z ′ − z A | + ψ < 0. Using Theorem 2.8 on ∆, we obtain holomorphic function F A on ∆ for each A and p jA ϕ (j A ∈ {1, 2, · · · }), such that F A | zA = F (z A ), and
By the negativeness of ϕ and p jA ϕ, it follows that
Assume Theorem 1.1 for n = 1 is not true. Therefore
for any r > 0 and any j ∈ {1, 2, · · · }.
Since {F = 0}∩∆ r0 ⊂ {o}, then it follows from inequality 5.1 that one can derive that F /F A is unbounded. Otherwise, the boundedness would imply the finiteness of the integral of |F | 2 e −pj ϕ , according to inequality 5.1. This contradicts to the assumption. Then there exists a holomorphic function h A on ∆ r0 , such that 1).
By Lemma 2.3, it follows that
where C 1 is independent of A. It contradicts to
We have thus proved Theorem 1.1 for n = 1.
5.1.2.
Step 2: Theorem 1.1 for n = k.
Assume Theorem 1.1
for some r > 0, and
for any r > 0 and j ∈ {1, 2, · · · }. Then the germ of the holomorphic function F is in I(ϕ) o but is not in (∪ ∞ j=1 I(p j ϕ)) o . Using Proposition 2.15, we have a germ of analytic curve γ through o satisfying {F | γ = 0} = {o}, such that for any germ of holomorphic function g in ∪ ∞ j=1 I(p j ϕ), and we also have a holomorphic function h g on γ satisfying
Then we can choose biholomorphic map ı from a neighborhood of ∆ ′ × ∆ ′′ to a neighborhood V o ⊂ ∆ k of o, which is small enough, with origin keeping ı(o) = o, such that 1), ı −1 (γ) is a closed analytic curve of the neighborhood of ∆ ′ × ∆ ′′ ; 2), ı −1 (γ) satisfies the parametrization property as analytic curve C in Remark 2.5.
for any r > 0 and any j ∈ {1, 2, · · · }, is equivalent to
where π is the projection in Remark 2.5. It is clear that for any give B > 0, there exists A > B, such that
Then for any given B > 0, there exists A > B and z A ∈ ∆ u(A) −1/2 , satisfying
We assume that A > e 10 .
5.1.3. Using dynamically L 2 extension theorems with negligible weight.
As Theorem 1.1 for n = k −1 holds, and ı
Let ψ = − log 2, then log |z
, and
It follows form equality 5.3, that there exists a holomorphic function on γ, denoted by h A , such that
. By the negativeness of ϕ, it is clear that
Using equality 5.5, the condition |z A | < u(A)
, and Lemma 2.6, we have
where C 1 > 0 is independent of A and F A . In our use of Lemma 2.6, z A corresponds to a in Lemma 2.6, the function ı * (h A ) corresponds to f a in Lemma 2.6, which does not correspond to h in Lemma 2.6 (actually ı * (F )| ı −1 (γ) corresponds to to h in Lemma 2.6).
Using Lemma 2.7, we obtain
where C 3 > 0 is independent of A and F A . Therefore
which contradicts to
for A large enough.
We have thus proved Theorem 1.1 for n = k. The proof of Theorem 1.1 is thus complete.
5.1.4. Some remarks of Theorem 1.1.
Let ϕ be a negative plurisubharmonic function on ∆ n ⊂ C n , and {ψ j } j=1,2,··· be a sequence of plurisubharmonic functions on ∆ n , which is increasingly convergent to ϕ on ∆ n , when j → ∞. Without loss of generality, one can assume that ψ 1 ≡ −∞. In the proof of Theorem 1.1, replacing p j ϕ by ψ j , and p jA ϕ by ψ jA , one can obtain:
Let F be a holomorphic function on ∆ n , such that
Then there exists a number j 0 ≥ 1, such that
for some r ∈ (0, 1). That is to say:
In particular, let ψ j = ϕ+ 1 j ϕ 0 in equality 5.6, then we get the following modified version of the strong openness conjecture which was conjectured in [24] :
Let ϕ be a negative plurisubharmonic function on ∆ n ⊂ C n , and ϕ 0 ≡ −∞ be a negative plurisubharmonic function on ∆ n . Then ∪ ε>0 I(ϕ + εϕ 0 ) = I(ϕ).
Proof of Theorem 1.2.
We prove Theorem 1.2 by contradiction: if Theorem 1.2 is not true, then there exists t j → +∞ (j → +∞), such that We prove Proposition 1.6 by contradiction. If e −φ is integrable near o ∈ ∆ n , then there exists a strong pseudoconvex domain Ω ⊂⊂ ∆ n , such that e −φ is L 1 integrable on Ω.
Without losing of generality, we assume that Ω = B(o, r), where r > 0 small enough.
As e −φ is L 1 integrable on Ω, then 
